Abstract. We present in this paper two dequantization procedures of coadjoint orbits in the setting of exponential solvable Lie groups. The first one consists in considering generalized moment sets of unitary representations. The second one concerns characteristic and Poisson characteristic varieties of some topological unitary modules over a deformed algebra appropriately associated with a given representation.
Introduction
Let G be an exponential solvable Lie group, then the unitary dualĜ is homeomorphic to the space of coadjoint orbits. Given a coadjoint orbit O, the orbit method makes it possible to construct the unitary and irreducible associated representation [7] . So, the inverse procedure is worth being emphasized. Dequantization in our context means going backwards from an irreducible unitary representation π : G −→ U (H) to the coadjoint orbit O and its associated geometric objects. Here, U (H) denotes the group of unitary operators on some complex inner product space H. The present work aims to describe two dequantization procedures of coadjoint orbits. The first one is obtained by considering the so-called generalized moment set of the unitary and irreducible representation in question. Unlike usual moment sets, we show that generalized moment sets characterize the unitary and irreducible representations.
The second way of dequantization consists in defining the Poisson characteristic variety of a unitary representation π which appears as the common zeroes of the ideal obtained by considering the annihilator of a deformed representation π ν appropriately constructed from the representation π, (here ν = i stands for a pure imaginary) after tending the deformation parameter to zero. We compute explicitly the characteristic variety in the case of the dual of any exponential solvable Lie algebra. In the nilpotent context, we show that any coadjoint orbit turns out to be the Poisson characteristic variety of some topological unitary module appropriately associated with the corresponding representation via the orbit method.
This principle of dequantization comes originally from the theory of mathematical physics where the task basically consists in associating with a topological module over a deformed algebra a Poisson sub-manifold. However, let us recall that, in general, the principle of dequantization turns out to be a very useful tool in many areas of mathematics such as the representation theory, mathematical physics, idempotent mathematics and so on. The latter field appears as a dequantization of the traditional mathematics over numerical fields as the Planck constant tends to zero taking pure imaginary values (see [22] ).
2. Dequantization using moment sets
Moment maps and moment sets
Let G be a real Lie group with Lie algebra g, (π, H π ) a unitary representation of G and H ∞ π the space of C ∞ vectors of π. Let g * be the dual space of g. In [33] , Wildberger has introduced the moment map Ψ π
where dπ denotes the derived representation of g. The moment set I π of the representation π is defined as the closure in g * of the image of the moment map. When π is finite dimensional, this notion reduces to that of the usual moment map for the Hamiltonian action of G via π on the projective space P (H). In the case of a compact group G, the moment set I π of an irreducible representation π need not be convex. Wildberger has shown, however, that the set of extremal points of the convex hull of I π is a single coadjoint orbit, namely the orbit through the highest weight of the representation π. Thus, the moment set completely determines the representation in this case.
Let exp : g −→ G be the exponential mapping. The group G is called an exponential group if exp is a diffeomorphism. In particular, this condition implies that G is solvable and that all nilpotent Lie groups are exponential. It is well known that each irreducible unitary representation π of G is associated with a coadjoint orbit O π in g * by the following construction: Let f be in g * . We take polarizations in f , i.e. subalgebras h such that:
with maximal dimension. Among those polarizations, we can find one meeting Pukanszky's condition:
). For such a Pukanszky polarization, we define π f,h by:
where χ f denotes the unitary character of H defined by:
for all X ∈ h. Then π f,h is irreducible and the class π of π f,h depends only on the coadjoint orbit of f . Moreover, the map f −→ [π f,h ] defines a bijection K (the Kirillov correspondence) between the space g * /G of orbits and the the spaceĜ of classes of irreducible unitary representation of G.
Wildberger has given an explicit description of the moment set I π when G is a connected, simply connected nilpotent Lie group which appears as a first dequantization model of coadjoint orbits. More precisely, he shows (Theorem 4.2 in [33] ) that I π is the closure of the convex hull of the coadjoint orbit O π associated with π via the Kirillov theory, i.e.
This result has been generalized to encompass connected solvable Lie groups by D. Arnal and J. Ludwig in [3] . So, the moment set of a unitary and irreducible representation turns out to be larger than the associated coadjoint orbit. However, the moment set does not characterize in general unitary and irreducible representations of solvable Lie groups as explained in [33] . To remedy this situation, we introduce the notion of generalized moment sets: Let U(g) be the complex universal enveloping algebra of g. We extend the moment map to the dual of U(g).
Generalized moment maps and generalized moment sets
Assume that we are in the same setting as in 2.1. G is a, real Lie group with Lie algebra g, (π, H π ) is a unitary representation of G, etc. The generalized moment map Ψ π of a representation π, is defined for all ξ in H
The image of the generalized moment mapΨ π need not be convex in general. The convex hull of its image is called the generalized moment set and notedĨ(π):
Let us remark that the generalized moment map can only be defined on a finite dimensional subspace of U(g) such as the space U n (g) of elements of degree less than or equal to n where n stands for a fixed integer. Let J(π) =Ĩ(π). By restriction to U n (g), we define:
In [5] , we show:
Theorem 1
Let G be a connected, simply connected nilpotent Lie group of Lie algebra g. Then the setĨ(π) is weakly closed in U(g) * . Furthermore, there exists an integer n (which depends only on the group G) such that, for any unitary and irreducible representations π and ρ, one has J(π) n = J(ρ) n if and only if π and ρ are equivalent.
It turns out that for nilpotent Lie groups, only a finite dimensional subspace of U(g) is needed to separate unitary and irreducible representations. It has not been so far the case for exponential solvable Lie groups and actually, we prove in theorem 2 a separation result which involves the whole enveloping algebra using the set J(π) to characterize the irreducible unitary representations.
Theorem 2
Let G = exp g be an exponential Lie group. Let π and ρ be two unitary irreducible representations. Then π and ρ are equivalent if and only if J(π) = J(ρ).
Finally, we come back to consider briefly the characterization problem of the class of connected and simply connected nilpotent Lie groups for which the usual moment sets defined in 2.1 do separate G. Our main results in this direction provide sufficient and necessary conditions for moment separability of G (see [4] ). However, these results apply only to a restricted class of nilpotent groups and involve properties of the Pukanszky polynomials which parameterize the coadjoint orbits. In particular, all three step nilpotent Lie groups are among the groups to which our results apply. Furthermore, the moment sets for representations whose coadjoint orbits lie in different layers are necessarily distinct. The orbits are grouped in layers and the polynomial functions which determine the orbits within a layer have a common domain. It is, however, possible for the convex hull of a coadjoint orbit to pass through other orbit layers. This fact greatly complicates the use of Pukanszky polynomials in this problem.
Dequantization using Characteristic Varieties
Let (V, {, }) be an analytic real Poisson manifold (resp. algebraic). The Poisson bracket endows the structural sheaf O with analytic functions (resp. regular) of a structure of Poisson algebra. We consider in the present work the flat case V = R d . By complexification, we obtain a structure of analytic complex Poisson manifold (resp. algebraic) on [21] has constructed a star-product # on V :
where the coefficients C k are bi-differential operators given by completely explicit formulae and depending only on the partial derivatives of structure constants of the 2-Poisson tensor (see [2] and [23] ). In particular, if the 2-Poisson tensor has analytic coefficients (resp. polynomial), then the star product has also analytic coefficients (resp. polynomial). It turns out that the star product # has real coefficients and endows
with a structure of an associative topologically free algebra on C[[ν]]. We are going to define the characteristic variety V (M) ⊂ V C of a topologically free A-module and its Poisson characteristic variety VA(M), adapting definitions of [16] . Both varieties V (M) and VA(M) are sub-varieties of C n defined as sets of common zeroes of a finite number of analytic functions (resp. polynomial functions). We show that VA(M) is a Poisson sub-manifold of V C and that V (M) ⊂ VA(M). Furthermore, the sub-manifold VA(M) appears as an object resulting from a dequantization procedure.
Using the orbit method and Pedersen results [27] , we show that when V is the dual of a nilpotent Lie algebra, every coadjoint orbit appears as the Poisson characteristic variety of a topological unitary A-module appropriately associated with the corresponding representation. The following material can be found with more details in [6] . 
Topologically free modules
A topologically free C[[ν]]-module [15] is a module M on C[[ν]] isomorphic to M [[ν]]
Divisible ideals
] is said to be divisible if for all m ∈ N such that m = O(ν), m/ν belongs to N . Let J be a divisible two-sided ideal of A. Then, J = J /νJ is a Poisson ideal of A.
Annihilators
We define the annihilator Ann M of M as the set of ϕ ∈ A such that π ν (ϕ)m = 0 for all m ∈ M. So, it is easy to check that if M is a topologically free module, then Ann M is a two-sided divisible ideal of A. Obviously, M = M/νM is a module on the commutative algebra A = A/νA. We note π 0 the representation of A on the associated module M . It turns out that for a topologically free A-module M, the annihilator of the A-module M is stable by the Poisson bracket of A.
Characteristic Varieties
Let M be a topologically free A-module. The characteristic variety V (M) of M is defined as the set of common zeroes of the annihilator of the A-module M = M/νM. Likewise, the Poisson characteristic variety of M denoted by VA(M) is as in [16] , the set of common zeroes of the ideal Ann M/ν Ann M of A. Let us mention that we prove in [6] that the set of common zeroes of a Poisson ideal is a Poisson sub-manifold of V C . This result actually confirms the above terminology which proves in turn that VA(M) is a Poisson sub-manifold of V C as Ann M/ν Ann M is a Poisson ideal of A.
For a topologically free A-module M, we have that:
So, it is clear that the second ideal is contained in the first one and consequently we get V (M) ⊂ VA(M) for the characteristic varieties.
Remark: The annihilators of equivalent topologically free modules coincide. The Poisson characteristic variety VA(M) depends only on the equivalence class of M. This is not the case in general, for characteristic varieties.
Involution and * −representations
First of all, we mention that the Kontsevich star-product # is equivalent to another star-product * called the Duflo-Kontsevich star-product. The algebras (A, #) and (A, * ) are then isomorphic. Secondly, A. Cattaneo and G. Felder [9] have remarked that the algebra (A, * ) is naturally equipped with the semi-linear involution defined by:
This involution stands to be an anti-automorphism of the algebra (A, * ). Its restriction to the commutative algebra A is also an anti-automorphism.
Let π be a representation of (A, * ) on a topologically free module
. Suppose that the A-module M is equipped with an hermitian scalar product < −, − >, extended naturally to a sesquilinear form on M taking values in C[[ν]] by setting:
The representation π of A on M is said to be unitary if for all f ∈ A we have that:
A unitary A-module is defined as a topologically free module endowed with a unitary representation π of A. In such case, we adapt the notations V (π) and VA(π) respectively instead of V (M) and VA(M). Furthermore, it is shown in [6] , using the above involution, that for a unitary representation π, the characteristic varieties V (π) and VA(π) are real varieties and defined as the common zeroes of real equations.
Case of Lie algebras
We are going to use the above results for the case of representations of Lie algebras. Let V = R d be a linear Poisson variety, then the dual V * of linear forms on V turns out to be a Lie subalgebra g of A endowed with the Poisson brackets. We consider then that the Poisson variety V as the dual g * of the Lie algebra g. We have for f, g ∈ A and ξ ∈ g [29] :
{f, g}(ξ) =< ξ, [df (ξ), dg(ξ)] > .
The algebra (A, * )
First of all, let us mention that by results of B. Shoikhet [13] , [30] , the two starproducts # and * coincide. The algebra (A, * ) is isomorphic to the enveloping universal algebra of the complexified Lie algebra:
More precisely, we have that:
Here τ : A → U ν (g C ) is the Duflo isomorphism [12] :
where σ is the symmetrization map and J(D) 1/2 is the infinite order differential operator with real coefficients corresponding to the formal sum:
The above setup could be understood in the algebraic context as well as the analytic context. In the algebraic framework, A stands to be the symmetric algebra of g C , and actually we could specialize the deformation parameter ν: in fact, for all f, g in A the sum in ν which defines f * g has only a finite number of terms [21] . It follows that the star-product could be seen as a family of non-commutative laws ( * ν ) on A, the parameter ν runs the set of complex numbers. Each of these algebras is identified using the Duflo isomorphism to the enveloping algebra of g C ν , where g C ν = g C as a vector space and the deformed brackets:
For a real parameter we note g = g for the real Lie algebra with Lie brackets [x, y] = [x, y], x, y ∈ g . Let now g be a complex Lie algebra. Consider for all ν ∈ C a representation π ν of the Lie algebra g ν over a complex vector space M independent of ν.
Suppose that ν → π ν (X) is entire for all X ∈ g. Then the parameter ν can be viewed as an indeterminate, and actually the module M = M [[ν]] turns out to be a topologically free A-module.
Unitary deformed representations
Let π = (π ν ) be a unitary representation of A on a topologically free module M = M [[ν]]. We fix ν = i . So, the representation π induces by specification of this parameter a representation π i of (A, * i ) on M for any complex number . When is real, the correspondence:
defines a unitary representation of the real Lie algebra g . Conversely, a family (ρ ) ∈R of unitary representations of g over the same module M , supposed to be entire in respect to the parameter , defines a unitary representation π ν of A by the formula:
In fact, The operator ρ (X) is then skew-symmetric, and for all X, Y ∈ g:
We consider now the context of exponential solvable real Lie groups. We explicit in this section, using the constructions of [28] , the characteristic varieties of a representation π ν associated appropriately with a monomial arbitrary representation induced from a real polarization. We begin by proving this main result which provides the dequantization way of coadjoint orbits.
Theorem 3 (Dequantization of coadjoint orbits)
Let G be a connected, simply connected nilpotent Lie group. Let Ω be a coadjoint orbit of G and π ν Ω the associated deformed representation. Then,
Proof.
Let g be the Lie algebra of G and n its dimension. The coadjoint orbits of g * are algebraic varieties defined by the set of common zeroes of some real polynomial functions (Q j ) j=1,...,n−2k where 2k denotes the dimension of the orbit. These orbits associated with ρ are the same for every real nonzero parameter . Let ρ Ω be the unitary and irreducible representation of the connected simply connected group G = exp g associated with the orbit Ω according to the Kirillov method. So, this representation is induced from a real polarization H = exp h to G by a unitary character χ ξ on H defined by:
Let τ be the Duflo isomorphism which reduces to the symmetrization in this setting. Using Theorem 2.3.2 of [27] (adapted here to our signs convention and our definition of the character χ ξ ), the annihilator of ρ Ω in U(g ) turns out to be the ideal spanned by the u j where τ −1 (u j )(η) = Q j (iη). Let ν = i . We use the subsection 3.6.2 to see that the annihilator of the representation π ν Ω of the deformed algebra A is then spanned by the Q j . The ideal Ann π ν Ω /ν Ann π ν Ω of S(g) is hence spanned by the Q j . We finally get that the orbit Ω coincides with the Poisson characteristic variety.
Theorem 4
Let g be an exponential solvable real Lie algebra, f a linear form on g and h a real polarization in f . Let ρ = Ind G H χ f be the unitary representation associated with f with H = exp h and π ν be the representation of the deformed algebra A. Then,
We shall consider the case where G is nilpotent. Let Ω f be the coadjoint orbit of f and d=dim Ω f . Let g 0 ⊂ · · · ⊂ g n , be a good sequence of subalgebras of g (i.e if g i is not an ideal of g, then g i−1 and g i+1 are, and g i /g i−2 is an irreducible g-module). We choose a basis of g, (X 1 , ..., X n ) such that X k ∈ g k \g k−1 , k ≥ 1. Consider the indices sets e(f ) and e B (f ) defined by:
e(f ) = {j ∈ {1, ..., n}/X j ∈ g j−1 + h}
Then, e(f ) ⊂ e B (f ) and the cardinality of e B (f )\e(f ) is equal to
On the other hand, the vectors
stitute a coexponential basis to h in g. Likewise, the vectors {X j , j ∈ e B (f )} constitute a coexponential basis to g(f ) in g. Let ρ = ind
for all X ∈ g where ξ denotes a function of D(R 
Set ν = i and apply the result of subsection 3.6.2 to deduce the expression of the representation π ν of the deformed algebra:
When ν = 0 tends to zero, we obtain that:
, we get:
On the other hand, for j ∈ e B (f )\e(f ), a X j ,u (0) = 0, for all u = 1, ...,
. This implies that
Hence, the annihilator of π 0 contains the ideal of U(g) spanned by
is a multiplication operator and we have that
as in Lemma 1.2.4 of [28] . Finally, X − f, X ∈ Ker π 0 , for every X ∈ b and then
Examples

The Heisenberg group
We consider the Heisenberg group H 2n+1 = R n × R n × R with the multiplication: (x, y, z) · (x , y , z ) = (x + x , y + y , z + z + 1 2 (xy − x y)).
Its Lie algebra h 2n+1 is spanned by the vectors < X 1 , ..., X n , Y 1 , ..., Y n , Z > such that:
, we consider the representation ρ λ associated with f λ according to the orbit method. The dimension of ρ λ is infinite and the associated orbit with f λ is Ω f λ = {(λ, u, v), u, v ∈ R n }. We realize the representation ρ λ as induced from the polarization
acts on the space L 2 (R n ) and we have that:
.., n. Hence, the representation ρ λ is defined by the relations:
Let ν = i . We use subsection 3.6.2 to deduce that the associated representation of A stands for:
Hence, Ann(π λ 0 ) is spanned by < Z − λ, Y j , j = 1, ..., n >, and therefore
The same computations show that when we realize the representation ρ λ as induced from the polarization b =< X 1 , ..., X n , Z >, we get V (π Then G = exp g is an exponential non completely solvable Lie group. Let f = xX * + yY * + aA * ∈ g * with x 2 + y 2 = 0, the subalgebra b spanned by < X, Y > is a Pukanszky polarization at f . It is well known [1] that there exists a unique θ ∈ [0, 2π[ such that ρ = ρ θ = ρ f θ where f θ = cos θX * + sin θY * . The orbit Ω associated with ρ is described as: Ω = {sA * + e −t cos(t + θ)X * + e −t sin(t + θ)Y * , s, t ∈ R }.
On the other hand, we have that: If follows that the annihilator of π 0 is the ideal spanned by the generators {X −cos θ, Y − sin θ}. Let B = exp b. The representation ρ acts on the space L 2 (G/B) which is isomorphic to L 2 (exp RA). Hence, we get that VA(π ν ) = g * and that:
V (π ν ) = {l ∈ g * /l(X − cos θ) = 0 and l(Y − sin θ) = 0} = f θ + RA * = f θ + b ⊥ .
